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Abstract. This paper sets the scene for the special issue by tracing key elements of the fields of teacher and didactician learning related to the development of opportunities for learners of mathematics in classrooms. It starts from the perspective that joint activity of these two groups (teachers and didacticians), in creation of classroom mathematics, leads to learning for both.
We trace development through key areas of research, looking at forms of knowledge of teachers and didacticians in mathematics; ways in which teachers or didacticians in mathematics develop their professional knowledge and skill; and the use of theoretical perspectives relating to studying these areas of development. Reflective practice emerges as a principal goal for effective development and is linked to teachers' and didacticians' engagement with inquiry and research. While neither reflection nor inquiry are developmental panaceas, we see collaborative critical inquiry between teachers and didacticians emerging as a significant force for teaching development. We include a summary of the papers of the special issue which offer a state of the art perspective on developmental practice.
Introduction
In this special issue we are concerned with the fundamental question of how teaching can develop to provide the best possible opportunities for learners of mathematics in classrooms. We focus on the development of teaching and consider the key stakeholders in this enterprise, the classroom teachers of mathematics, and how they contribute to developing teaching and learning practices in their classrooms.
Moreover we focus on the roles and responsibilities of mathematics educators (sometimes called teacher-educators or didacticians ) who work with teachers to enable development to take place, and hence have their own forms of practice. In this introductory article, we set the scene by addressing the ways in which these two groups of practitioners 1 work together to promote development. With support from relevant literature, we address questions concerning knowledge of the two groups, their particular practices, and relationships between them that contribute to the nature of development.
Various terms are used to refer to the mathematics educators who work with teachers in differing roles and contexts (Even 2008) . We shall use these various terms as they are used in the literature to which we refer below. One of these terms, "didactician" perhaps needs further explanation. In this special issue, didacticians are mathematics (teacher-) educators who work with practising teachers to promote developments in teaching and learning mathematics: the term includes university faculty, teaching researchers, curriculum development coordinators, master teachers, mathematics coaches, and so on. 'Didactics' is about the transformation of disciplinary knowledge into forms through which learners can develop their own versions of that knowledge.
We want students to learn mathematics, which is not easily accessible in the world around us. Students need to be offered tasks and activity through which to appreciate mathematics and develop mathematical concepts. The process of transforming mathematics into such opportunities for students is a didacticial process which is the practical task of the teacher of mathematics. A didactician of mathematics is aware of relevant theories, research findings, modes of practice and resources that support the teaching and learning of mathematics. Didacticians who are teacher-educators, work with practising or prospective teachers to enable a transformation of theoretical ideas and research findings into modes of teaching that are informed by theory and research.
Here we see transformative work at two levels, one between didacticians and teachers and one between teachers and students. These are not separate, the first, if successful, highly informs the second, and the second feeds back to the first. Both didacticians and teachers have much to learn about the processes involved. Thus we see a didactical cycle focused on the knowledge and learning of teachers and didacticians which is central to the work reported in the papers here (see also the ZDM Issue focusing on the didactic triangle, Goodchild and Sriraman, 2012) As Even (2008) has pointed out, one of the challenges of educating mathematics teacher-educators -didacticians -to work with practicing teachers is a lack of research on the knowledge and practices of mathematics teacher-educators. She calls for investigating mathematics teacher-educators' practices cross-culturally. What we start to find, when we look cross-culturally, is a diversity of modes or models. As an example we point to a long tradition of school-based teaching-research in China (Huang and Li 2009; Yang 2009 ) which has demonstrated its power in promoting teachers' growth. This system has developed a "multiplicity of voices, including those of front-line teachers, experts, master teachers, and researchers, and the wisdom derived from the sustained interaction among them" (Tsui and Wong 2009, p.308) .
We see here the development of people who fit the description of didacticians emerging within the system. We are aware therefore that there is not always a clear distinction between practising teachers of mathematics and didacticians of mathematics. We shall leave it to the different papers in this special issue to make the distinction within their own context. In this introductory article, we use the term "didacticians" where it makes sense as a collective term. However, when drawing on the literature, we use also the terms that other authors use.
Thus, this special issue aims to address how didacticians and practising teachers, in a range of cultural settings and educational systems, can work together to create the best possible environments for students learning mathematics. Such activity enables development of the teachers' and didacticians' own professional capacities. In this article we address key literature in these areas and theory which has influenced research findings, with attention to the following questions: To provide a foundation for addressing these questions, we explored relevant literature in three, interconnected areas:
(1) forms of knowledge teachers or didacticians in mathematics have, or need to have;
(2) ways in which teachers or didacticians in mathematics develop their professional knowledge and skill;
(3) theoretical perspectives relating to development of teaching by teachers or didacticians in mathematics.
Understanding of the nature of knowledge of teachers or didacticians in mathematics provides a base for discussing teachers and didacticians' learning and professional development. Theoretical perspectives equip researchers with frames to examine how professional learning takes place.
Knowledge in and of teaching as related to teaching practice
During the last two decades, growing attention has been given to studies of teachers' knowledge and its relations to teaching practice (e.g. Ponte and Chapman, 2006; Sullivan and Wood, 2008) . Ponte and Chapman (2006) , suggest that much attention has been paid to teachers' need to develop as reflective practitioners, they write: … reflecting in-practice has to do with content and content-related pedagogical knowledge. It takes place when teachers deal with professional problems and therefore can be seen as part of their knowledge. (p. 461).
They draw on a wide literature on teacher and teaching development in which reflective practice has come to be seen as a central plank in the developmental process some of which we address further below. Here they link reflective practice to "content and content-related pedagogical knowledge". Many sources draw on Shulman's (1986) framework of seven types of teacher knowledge [knowledge of content, general pedagogical knowledge, curriculum knowledge, pedagogical content knowledge (PCK), knowledge of students, knowledge of educational contexts, knowledge of educational ends, purposes and values]. Relationships between content knowledge (in our case mathematical knowledge) and pedagogical content knowledge have proved to be of particular interest to theorists and researchers who have further refined and developed models to describe and measure knowledge needed for teaching (e.g., Ball, Thames, and Phelps 2008; Hill, Ball, and Schilling 2008; Krauss et al. 2008; Rowland, Huckstep and Thwaites. 2005; Silverman and Thompson 2008; Tatto et al. 2012 . In each of these categories the 'content' is mathematics: the differing categories emphasise that teachers' mathematical knowledge varies as it relates to differing aspects of their practice. Rowland, Huckstep, and Thwaites (2005) have also drawn on Shulman's categories in developing the Knowledge Quartet in which teachers' knowledge is seen to grow in and through four categories: foundation, transition, connection and contingency, each of which is related to aspects of teaching practice. Other studies have focused more overtly on knowledge-related aspects of teachers' practice. Brown, Wiliam, and Johnson (1997) divide teachers into three groups according to their observed practice: transmissionist, discovery and connectionist teachers. These distinctions suggest differing elements in how teachers interpret their knowledge in practice. Jaworski (1994) suggests a triadic organization of teaching practice into management of learning, sensitivity to students and mathematical challenge, linking knowledge of mathematics with knowledge of students within a management of the learning environment. Throughout all these categorisations there is recognition that teachers need to have knowledge of mathematics, didactics and pedagogy; the various theories focus on the differing relationships between these three elements of knowledge for teaching and the practices with which they are associated. Common to all is, firstly, the recognition of the importance of mathematical knowledge; also called common or specialized content knowledge ), referred to as foundation or connections (Rowland et al., 2005) , and developed through mathematical challenge (Jaworski, 1994) , and, secondly, the complexity of didatical or pedagogical content knowledge in relationships such as mathematics and students, mathematics and teaching Jaworski, 1994) , transition and contingency (Rowland et al., 2005) .
In contrast, the knowledge required by didacticians has received relatively little attention, but is an emerging field of research (Beswick & Chapman, 2012 .
Some scholars conceptualize didacticians' knowledge as an extension of the knowledge teachers need for teaching (Zaslavsky& Leikin, 2004; Perks &Prestage, 2008; ) . For example, Zaslavsky and Leikin (2004) extended the teaching triad idea (Jaworski 1994) to the work of teacher-educators. Just as teachers need to challenge students to engage with mathematical knowledge, teacher-educators need to challenge teachers to engage with knowledge of teaching mathematics: for example, becoming sensitive to their students cognitive and affective needs; offering challenging mathematical tasks etc. Perks and Prestage (2008) described a teacher-educatorknowledge-tetrahedron in which teacher-educator knowledge links to learner knowledge (i.e., the knowledge we develop from being teachers), practical wisdom (the activities chosen for teaching) and professional traditions (the existing mathematics teacher education course, ways of working with teachers, research on mathematics teaching and learning). These models suggest that teacher educators' knowledge should include how to support prospective and practicing teachers to develop teacher knowledge needed for teaching (Jaworski, 2008b) . This suggests a need for didacticians to engage with knowledge for teachers.
However, Beswick and Chapman (2012) point to elements of mathematics teachers' knowledge that mathematics teacher educators either do not need to know, or need to know differently.
For example, mathematics teachers need to know about the school curriculum in considerable detail in order to teach it and to report students' attainment in relation to it. Mathematics teacher educators, however, need to know about school curricula but not in the detail needed by teachers who work with it daily and are accountable for outcomes it specifies. Rather, they need to know about curricula in a more general way, including how and to what extent research is reflected in them, and the overall expectations of the content teachers at different grade levels should be able to teach. Mathematics teacher educators' knowledge might, therefore, be seen as overlapping with mathematics teachers' knowledge but not entirely containing it (p. 3).
Rather than focusing on knowledge per se, research has explored the specific competences that teacher-educators need to develop (Smith, 2005; Even, 2008; Zaslavsky, 2008) . Zaslavsky (2008) emphasized that among the enormous and multifaceted demands on mathematics teacher-educators, in term of knowledge and quality, the overarching demand is for teacher-educators (like teachers) to be reflective practitioners. They need to constantly reflect on-action and in-action (Schön, 1987) in all phases of their work. In this, she is in agreement with Smith (2005) (speaking of teacher-educators generally, not specially in mathematics) who writes that teachereducators should be able to (1) be self-aware, reflect and articulate in-action reflections, to explain tacit knowledge of teaching;
(2) be comprehensive, rich and deep, based on theory and testing theories in practice;
(3) engage in curricula writing and research;
(4) be skillful in teaching all age groups of learners;
(5) have a comprehensive understanding of the educational system; and (6) have achieved a high level of professional maturity. [pp. 182-183] Zaslavsky's own list of competencies is as follows:
(1) Developing adaptability;
(2) Fostering awareness to similarities and differences;
(3) Coping with conflicts, dilemmas and problem situations;
(4) Learning from the study of practices;
(5) Selecting and using (appropriate) tools and resources for teaching;
(6) Identifying and overcoming barriers to students' learning; and (7) Sharing and revealing self, peer, and students' dispositions. (p. 95) Similarly, in a study of Chinese practice-based mathematics teaching researchers' knowledge and competency, Huang et al. (2012) concluded that these researchers need to have expertise in conducting effective teaching, doing teaching research, effective organizing of school-based teaching activities, and evaluating teachers' teaching and students' learning. Although Zaslavsky and Huang and colleagues talk of mathematics education, their categories, like those of Smith, do not refer to mathematics specifically; perhaps suggesting that specialist mathematical knowledge is not an issue for didacticians or teacher educators, or is taken for granted.
These lists of competencies reflect the forms of knowledge that didacticians need in order to work effectively with teachers, and their complex inter-relationships with teachers own knowledge. Jaworski (2008b) (Jaworski, 2008b) The region B (The intersection of A and C) represents the knowledge shared by educators and teachers and has elements of mathematics, didactics and pedagogy.. Thus, although these forms of knowledge may be different according to the practices to which they relate, they present a basis for communication between the two groups.
Knowledge in B grows through the specialist knowledge of A and C and the mutual research-inquiry of both teachers and educators in promoting mathematics learning in classrooms. This reciprocity fosters joint respect for the differing qualities that teachers and educators bring and can result in trusting relationships with powerful potential for effective classroom development.
To summarise from the above, the complexity of teacher and teaching knowledge is recognized and theorized in a range of models and frameworks which link knowledge and practice. For didacticians or teacher-educators, knowledge and practice relate to those of teachers, especially in the need for all to be reflective practitioners. However, the roles of the two groups of practitioners are different and this is reflected in forms of practice and their associated knowledge/competency needs. We explore these relationships further in the next section.
The continuing professional development of teachers and didacticians
It has been recognized that developing high quality teachers and effective teaching are crucial for improving students' achievement in mathematics (National Mathematics Advisory Panel 2008; Sowder 2007 teacher professional developments (PD) and different approaches to developing teachers' expertise in mathematics teaching (e.g., Bednarz, Fiorentini, and Huang 2011; Even and Ball 2009; Li and Even 2011) . Simon (2008) classified PD programs into two categories, those with process goals only, and those with content and process goals. The former, which include Japanese lesson study and teacher inquiry or research, do not seek to promote particular new (content) knowledge; rather teaching development is supported through thoughtful reflective engagement. The latter commonly consist of courses or workshops in which teacher educators aim to promote particular mathematical and pedagogical concepts, skills and dispositions.
Some studies (e.g., Archibald, Coggshall, Croft, and Goe 2011; Desimone 2009) have explored the relationship between PD program and student performance in mathematics, suggesting that an effective PD programme should include the following characteristics, which combine elements of Simon's two categories:
• alignment with shared goals (school, district and state) and assessment;
• focusing on core content and modeling of teaching strategies for the content;
• inclusion of opportunities for active learning of new teaching strategies;
• provision of opportunities for collaboration among teachers; and
• inclusion of embedded follow-up and continuous feedback . (Archibald et al.
2011,p. 3)
Ponte (2011) (Even 2005 ).
Even has shown the diversity of qualifications internationally for such provision and the scarcity of training for the providers. It is also clear that providers are often not reflective on, or critical of the nature of their provision, the extent to which it is effective, or its suitability for purpose (Chapman 2008) . Based on a longitudinal study on developing teacher leaders/providers of PD, Even (2008) called for examining issues of PD provision in mathematics teaching widely, in relation to the culture and context in which it is situated as well as the relationships between the various participants.
We have mentioned above, for both teachers and didacticians, that developing as reflective practitioners is seen widely as valuable for effective development.
Constantly reflecting on-action and in-action (Schön 1987 ) are seen as a fundamental feature of mathematics teacher educators' learning as well as of teachers' learning (Cochran-Smith 2003 Jaworski 2008a; Tzur 2001; Zaslavsky, 2008; Zaslavsky and Leikin 2004) . For example Cochran-Smith (2003) suggested that being reflective is a fundamental way of looking at one's own practice through a critical lens and comparing it to the work and theory of others. Zaslavsky (2008) proposed a model that provides insight into the role of teacher-educators as designers and orchestrators of tasks that foster teacher learning, and at the same time highlights the dynamic nature of teacher-educators' practice and development. In her model (2008) the crucial mediating objects are mathematical tasks and the learning process is one of reflective engagement (see Figure 2 ). Zaslavsky acknowledged that the demands on teacher-educators are enormous and multi-faceted but the overarching demand is to be a reflective practitioner in all phases of work. (Zaslavsky, 2008) To examine teacher and teacher educator learning, Jaworski (2001 Jaworski ( , 2003 Jaworski ( , 2008a developed a model of co-learning between teachers and teacher educators in promoting classroom inquiry. Co-learning is a process of working together to explore common interests, through which the various partners all learn from the process.
Rather than conceptualising PD as a one-way learning process from the providers to the teachers, co-learning inquiry emphasizes the collaborative potential of joint activity and formation of communities of inquiry. Communities of inquiry emphasize "the importance attached to meta-knowing through reflecting on what is being or has been constructed and on the tools and practices involved in the process." (Wells 1999, p. 124 Within a community of inquiry, teachers and teacher educators have learned from operating with and reflecting on three levels of inquiry-based activities which lead to knowledge and power:
Level one: mathematical power; involving mathematics and provision of classroom mathematical activities for students' effective learning of mathematics;
Level two: pedagogical power; involving mathematics teaching and ways in which teachers think about developing their approaches to teaching;
Level three: educative power; involving the roles and activities of teacher educators in contributing to developments in levels one and two (Jaworski 2001) .
Since the work of Dewey (1933) , inquiry has been linked closely with notions of reflection, seeing reflection as action-oriented, "Demand for the solution of a perplexity, is the steadying and guiding factor in the entire process of reflection" (Dewey, 1933p. 14) . Further, Kemmis, a leading proponent of teacher action research, writes "We are inclined to think of reflection as something quiet and personal. My argument here is that reflection is action-oriented, social and political.
Its product is praxis (informed, committed action) the most eloquent and socially significant form of human action." (1985, p. 141) . These arguments suggest that a questioning attitude, an inquiry-based approach to reflective practice is important to development.
However, such a questioning attitude needs to addressed to the use of inquiry approaches per se, their desired and achieved outcomes. The use of an occasional inquiry-based task, or some resource rooted in inquiry may not achieve any significant development and may result in disillusionment for the practitioner. Nevertheless, for some practitioners, inquiry becomes central to their practice -a way of being or a professional stance. According to Cochran-Smith and Lytle (1999) , "Taking an inquiry stance means teachers and student teachers [and didacticians] working within inquiry communities to generate local knowledge, envision, and theorize their practice, and interpret and interrogate the theory and research of others" (p.289).
Developing inquiry as a way of being involves teachers and educators in taking on the mantle of inquiry so that it permeates all thought and action (Jaworski 2004a ). The essence of such inquiry activity is its collaborative nature in which practitioners learn together and support each other in developing, perhaps risky, new forms of practice.
A community of inquiry, therefore, seeks to challenge the status quo, to start to question and to look critically at what alternatives might be possible; then, to start to think and act differently. It is this critical element, overt to a community of inquiry, that distinguishes a Community of Inquiry in general from a Community of Practice. Wenger (1998) has suggested that one element in belonging to a community of practice is that of alignment with the norms and expectations of that practice.
However, such alignment can perpetuate ineffective practices -those that do not achieve the goals on which didacticians, teachers and other stakeholders would agree.
The nature of a community of inquiry is such that alignment becomes critical through inquiry (Jaworski 2006) . Thus teachers and educators taking on an inquiry stance, or an inquiry way of being, engage with critical alignment: they look critically at what they are doing and how they are doing it while engaging in practice. The critical nature of inquiry leads to possibilities for development in practice. Thus we see a consistency between demands for teachers and educators to develop as reflective practitioners and the conceptualisation of critical alignment through inquiry. Kemmis (1985) and others (e.g. Elliott, 1991; McNiff, 1988) have linked action-based reflection to inquiry in forms of action research in which teachers are encouraged to engage to improve their practice. One of the pioneers of the action-research movement, Stenhouse (1984) , has written that research is "systematic inquiry made public", a statement that links inquiry firmly with research. Jaworski (2003) promoted ideas of research as a tool for developmental practice: as well as studying development, research can inform and foster development. Kieran, Krainer and Shaughnessy (2013) discuss didacticians and teachers working together in communities of inquiry to co-produce professional knowledge and scientific knowledge through research. They emphasize three salient features of research where the teacher is viewed as a key stakeholder:
• reflective, inquiry-based activity,
• a significant action-research component, and
• dynamic duality of research and professional development.
They suggest that "given the potential for professional growth from the expanded roles for both classroom teachers and researcher alike, and the growing documentation of long-term benefits for researchers, teachers, and their students from such collaborative research, a case can be made that all countries should consider implementing systematic integration of linked research and practice" (Kieran et al. 2013, p.388) . Thus, a community of inquiry where the teacher is included as a key stakeholder has the potential for promoting professional growth of both teachers and didicaticians, and also of producing professional and scientific knowledge as well.
To summarise from the above, PD programmes with 'process goals only' (Simon 2008 ) become more prevalent where reflective practice, communities of inquiry and collaboration between teachers and diedacticians are key goals. Nevertheless, it is important to recognize that inquiry per se is not a developmental panacea. The researchers referenced above do not suggest that teachers' engagement in inquirybased practice will, of itself, lead to improvements in teaching. The trends towards collaborative inquiry between teachers and didacticians depend on the building of respectful and trusting relationships to which both groups bring important knowledge.
We see versions of such relationships in the papers of this special issue with a critical discussion of emergent tensions and a questionable outcome in at least one case (Goodchild, this issue).
Theoretical perspectives and their uses relating to changes in practice of teachers and of didacticians
The literature we have addressed above has emerged historically through a period of change in terms of the fundamental theoretical perspectives that have underpinned research projects into mathematics teaching and its development. We characterize these broadly as the eras of constructivist theories and sociocultural theories with considerable overlap between them. To risk being simplistic, we might differentiate these areas of theory according to their focus on the (cognitive) development of the individual (student, teacher or didactician) versus development seen as participation in sociocultural settings. In the former, often based in Piagetian constructivism, development and learning are seen in terms of the construction of knowledge by learners in which learners make sense of their experiential worlds which include social interactions. Knowledge is individual and so communication has to be explained (Cobb, 1988; von Glasersfeld, 1987; Steffe and Thompson, 2000) . In the latter, learning and development are seen in terms of Vygotskian theory of the development of knowledge in social settings through mediational processes involving use of tools of which language is central to learning and development. Knowledge is rooted in social processes in which individual knowledge grows integrally with social participation (Bruner 1985; Wertsch 1991; Lerman 1996) . Sociocultural theory encompasses a range of theories including situated cognition (Lave 1988; Kirshner and Wilson 1997) , community of practice theory (Lave and Wenger 1991; Wenger 1998 ), activity theory (Leont'ev 1997; Engestrom 1999) and Valsiner's Zone theory (Valsiner, 1997) . Some scholars see constructivism and sociocultural theory as forming incommensurable paradigms (Lerman 1996; Steffe and Thompson 2000) whereas others have sought a common or middle ground (Confrey 1995; Sfard 1998 ).
The reform movement in the United States, represented by the NCTM standards (e.g., NCTM, 1991) built on constructivist theory. The standards encouraged approaches to practice based in constructivism, promoting innovative classroom activities and modes of teaching, often inquiry-based, and had an influence internationally. These forms of practice broke away from prevailing modes of 'direct instruction' (e.g. Romberg and Carpenter 1986 ) and encouraged problem solving and investigational work for learners of mathematics (Banwell, Saunder, and Tahta 1972; Love 1988; Mason, Burton, and Stacey 1982; Schoenfeld 1986; Silver 1985) . This movement coincided with a growing interest in students' mathematics learning as a process of individual mental (re)construction (Hart 1981; Skemp 1971; Steffe 1983; von Glasersfeld 1987) . It was an unsurprising progression to start to see teachers' learning about mathematics teaching also in constructivist terms (Confrey 1990; Cooney 1984; Jaworski 1994; Simon and Schifter 1991) .
In a book stemming from six years of a PME working group on inservice education of mathematics teachers (Jaworski, Wood and Dawson 1999) , various authors wrote about professional development activities stemming from constructivist principles.
One message, that came across clearly, involved the dilemmas that teachers faced in bringing innovative practices to their classrooms; changes in classroom practice, without changes in ways of thinking and understanding practice led to issues and tensions (Carter and Richards 1999; Irwin and Britt 1999) . Another message concerned the limited value of short, small-scale professional development events, rooted in constructivist theory, for promoting changes in practice. Teachers enjoyed their participation in the events but continued as before when back in the classroom (Murray, Olivier and Human 1999) . It became clear that instructing teachers in constructivist-based innovative practices was a problematic way of promoting development in classrooms. Already at this time we started to see more collaborative approaches between teachers and educators directed toward changes in practice and dealing with the associated tensions (Breen 1999; Krainer 1999) . Lerman (2006) writes, "For many years we have been aware that teacher education courses, in general, make little difference to how teachers will teach … . Socio-cultural theories and indeed sociological theories are well placed to shed light on the problem" (p.
363).
During this period (largely the 1990s) collaborative projects became more evident.
Still based in constructivism, we saw both large and small-scale projects involving didacticians and teachers working together (e.g., Jaworski, 1998; Krainer, 1999; ; Simon & Schifter 1991; ; Wood, Cobb, Yackel and Dillon, 1993) Although the focus was mainly on the learning of teachers, nevertheless it was clear that didacticians were also learning from this work. A conference hosted in Taiwan gave opportunity for an international discussion around these matters (Lin and Cooney 2001 -see particularly chapters by Krainer and Jaworski) . Some scholars were moving into much larger scale programmes, recognizing the limited effects of small scale activity. Such programmes often encompassed groups of schools or school districts, government sponsored projects and overt collaboration between researchers and teachers.
Theoretical perspectives widened to consider social, systemic and organisational factors (Cobb, P., & Jackson, 2011; Confrey, Castro-Filho, & Wilhelm, 2000; Krainer & Zehetmeier, 2013) Some scholars in mathematics teacher education have drawn more explicitly on sociocultural theory and associated frameworks related to Vygotskian perspectives to guide research into the education of teachers and associated learning of educators/didacticians. Some of the earliest published work can be found from Italy
where Bartolini Bussi and colleagues drew on Activity Theory to conceptualise their collaboration with primary school teachers in projects to foster mathematical discussion in classrooms (Bartolini-Bussi 1991). However, some reports are not so explicit about their theoretical groundings. Lerman (2006) This framework is seen, explicitly, as being social constructivist: the author draws on Vygotskian theory to explain ways in which social interaction contributes to learning and on Piaget to explain cognitive conflict. Potari and Jaworski (2002) discuss findings from a collaborative project between researchers and teachers using a theoretical construct "the teaching triad" drawn from research conducted in a social constructivist perspective. However, they recognised that a constructivist analysis of dialogue could not account for the whole picture of classroom activity and tensions in decision making. Thus, their further analysis turned to Activity Theory to account for issues and tensions related to differing perspectives revealed in the research (Jaworski and Potari 2009 ). Activity theory (Leont'ev 1978 (Leont'ev , 1979 Engeström 1999) Thus, our theoretical sketch above shows, historically, a shift from research based in constructivist theories towards a more social 'turn' (Lerman 2000) . The latter includes research that is clearly rooted in sociocultural theories deriving from Vygotsky and followers, and research that focuses on collaboration and community, possibly from social-constructivist perspectives, without addressing sociocultural origins. Although we do not have space to develop the theme here, it seems that, in research reports, there is often a transposition from a theoretical perspective (such as constructivist or sociocultural theory) towards practices which are seen as derivative of the theory, but without making this explicit. A reason for requiring a more overt clarification of the theoretical origins underpinning teaching practices (e,g, those cited from Lerman) is to make evident the assumptions on which research findings are based and reveal any tensions or contradictions arising from theoretical inconsistency.
To conclude Section 2, we see the trends highlighted in this section continuing in the papers presented in this special issue, summarized in Section 3 below. These papers both expand our three areas of exploration and extend them to recent developments in theory and practice.
In the subsections that follow, we provide an introduction to the main themes of the eleven articles included in this issue. They include three major areas:
• connections between teachers and didacticians' professional developments in mathematics,
• practice-based didacticians' knowledge and professional development, and
• university-based didacticians' knowledge and professional development.
Connections between teachers and didacticians' professional developments in mathematics
To address the divide of research and practice, Goos (2014) offers an analytical approach to examining how researchers and teachers can work together to produce both theoretical and practical knowledge through participating in differing mathematics teacher education programmes. Drawing on the concept of communities of practice (Wenger 1998 ), Goos's framework focuses on how partnerships between researchers and teachers are initiated, how participants negotiate their roles and expectations of each other, and how they benefit from the joint enterprise. Goos provides a detailed analysis of three selected programmes, to reveal that mutuality of researcher and teacher motivations, roles, and purposes, and complementarity of their expertise and knowledge are crucial for successful collaborations. She argues further that it is essential to build two-way connections between communities to support mutual engagement across the boundaries and discusses the implications for the roles of mathematics education researchers who work as teacher educators and professional developers.
Sztajn, Wilson, Edgington, and Myers (2014) examine how researchers and teachers work together as partners within a mathematics professional development (MPD) setting to exchange their knowledge and to improve their own practice. They use the concepts of community of practice, boundary encounters and boundary objects (Wenger, 1998) to conceptualize the process of knowledge exchange between researchers and teachers. They carried out the MPD using a design research approach (Cobb et al. 2003 ). This involved their use of research-based knowledge (concerned with students' mathematics and mathematics learning) among researchers and teachers to improve the practices of both the research and the teaching communities. They argue that the MPD with research-based goals promotes partnership among researchers and teachers in which teachers are interested in the research results.
Although both researchers and teachers had different expectations for the MPD, both groups played the dual roles of learners and guides for MPD encounters. Goos (2014) and Sztajn and her colleagues (2014) both examined the partnership between teachers and researchers from the perspective of communities of practice.
Goos identifies the importance of building mutual respectful and beneficial connection between two communities to develop successful collaborations while Sztajn et al. describe the process of using research-based knowledge to improve practices of both teaching and researching communities within a MPD.
Practice-based didacticians' knowledge and professional development
Mathematics specialist coaches are a unique group of practice-based didacticians who work with practicing teachers in schools. Campbell and Malkus (2014) report one aspect of a longitudinal research project conducted in the United States that was designed to prepare elementary school mathematics specialist-coaches, and evaluate the effect of qualified specialist coaches on student achievement. A conceptual framework of co-learning between specialist-coaches and teachers (Jaworski, 2001) guides the designing and implementing of the project, where a specialist-coach is to serve as a "more knowledgeable other" for a community of practice in a school, and ultimately to impact both the knowledge and professional practice of teachers and the school's mathematics programmes as a whole. The authors examine the changes in specialist-coaches' mathematical content knowledge, mathematical knowledge for teaching, and beliefs regarding mathematics teaching and learning over the preparation programme and during the specialist-coaches' first years of service in a school. These specialist-coaches' mathematical content knowledge grew and their beliefs became more aligned with a sense making perspective during the preparation programme, and their changed state persisted throughout 2-3 years of service as specialist-coaches. 
University-based didacticians' knowledge and professional development
Tirosh, Tsamir, Levenson, Barkai, and Tabach (2014) start from the position that using videos as a tool for prompting teachers' learning has been widely established (Jaworski, 1990; Santagata and Guarino 2011; Sherin 2007) . They examine the use of video as a tool for promoting inquiry among preschool teachers and didacticians.
Preschool teachers videotaped their teaching, in which they implemented selected tasks, and shared their videos with other teachers and didacticians. The sessions where the teachers and didacticians watched and discussed these videos were recorded and viewed later by didacticians. The multiple uses of video led to inquiry at several levels. Teachers inquired into the practice of implementing tasks with children, evaluating children's knowledge, and the practice of using video as a tool.
Didacticians inquired into their practice of research with children, their practice as teacher educators, the use of video as a tool in professional development, and the use of video in their inquiry process. They discuss the implications for building community of inquiry through using videos in professional development programs.
Coles (2014) activity, identifying its nature and transformations that frame their own professional learning. The data analysis reveals that mathematics teacher educators' professional learning is the outcome of a continuous process of becoming aware of their own activity and its transformation in relation to that of the teachers. Meanwhile, they also identify crucial factors that prompt the transition of their activity into a joint activity with teachers.
Building on the nationwide mathematics teaching developmental research projects in Norway that are based on establishing communities of inquiry comprising school teachers at all grades and university-based didacticians, Goodchild (2014) examines the challenges associated with the implementation of the projects. These projects are based on the assumption that teachers taking an inquiry stance in their practice can assert their agency to develop their teaching to enable improved students' learning.
However, a case study of a group of upper secondary teachers who are working together with didacticians on algebra topics questions the fundamental assumption.
The case exposes tensions between the design of the projects as conceived and motivated by the didacticians and the implementation received and pursued by the teachers. Teaching is observed to exist in alignment to regular practice through the interaction of strong constitutional, institutional, social and professional forces, which inquiry alone appears unable to realign. The author argues that teaching development could occur through a gradual extrapolation of practice as teachers implement approaches that they learn from the experience of others and first imagine into their own practice.
Rowland, Turner, and Thwaites (2014) In summary, three studies address practice-based didacticians's competence (knowledge, skills and beliefs) and its development. The other eight articles focus university-based didacticians' learning through teaching, researching and conducting professional development programmes. The disparity is interesting in its own right and raises questions for further exploration (such as the opportunities and constraints afforded by these differing situations) These studies emphasise a preference for adopting a socio-cultural perspective to examine teachers and didacticians' learning, and we suggest this might be seen as trend in studies of developmental practice in mathematics teaching and learning.
The contribution of this special issue
This special issue marks an important transition in perspectives of teacher and teaching development. Rather than seeing professional development as activity organized for teachers by didacticians, through which teachers learn, it conceptualizes development in terms of mutual learning through joint engagement in practice. The practices vary, depending on the nature of the relationships between the two groups, the focuses of development, and theoretical perspectives that inform activity (although the latter are largely socio-cultural in nature). A key factor is the learning of the didacticians alongside their teaching colleagues. Mutual activity and respect for the knowledge each group brings are foundations for learning. Moreover, mutuality is overt: both teachers and didacticians recognize their differences of knowledge and its value in and for their learning. Many PD programmes focus on developing reflection and/or inquiry, possibly through engagement of teachers and didacticians in forms of action research. It seems important to recognize that reflection and inquiry, by themselves, are not developmental panaceas. Collaboration and mutual engagement in communities of inquiry can enable development of new forms of practice and provide support where risky new practices are involved. However, it can also raise issues and tensions which have to be addressed. Through such mutual inquiry and addressing of issues, it is possible to achieve complementary goals of didacticians and teachers for the benefit of students who learn mathematics in their classrooms. We find some of the most recent forms of practice and associated theoretical groundings in the papers of this special issue.
